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Abstract
The sixth Painlevé equation arises from a Drinfeld—Sokolov hierarchy of type
Dfll) by similarity reduction.

PACS number: 02.30.1k
Mathematics Subject Classification: 34M55, 17B80, 37K 10

1. Introduction

The Drinfeld—Sokolov hierarchies are extensions of the KdV (or mKdV) hierarchy [DS]. It
is known that their similarity reductions imply several Painlevé equations [AS, KK1, NY1].
For the sixth Painlevé equation (Py), the relation with the Aél)—type hierarchy is investigated
[KK2]. On the other hand, Py admits a group of symmetries which is isomorphic to the affine
Weyl group of type Dﬁl) [O]. Also it is known that Pyj is derived from the Lax pair associated
with the algebra 56(8) [NY3]. However, the relation between Dfll)-type hierarchies and Py
has not been clarified. In this paper, we show that the sixth Painlevé equation is derived from
a Drinfeld—Sokolov hierarchy of type Dil) by similarity reduction.
Consider a Fuchsian differential equation on P! ©)
&y dy
@+P1(X)a+l)2(x)y =0, (1.1)
with the Riemann scheme
X=th X=1H XxX=8 X=1 X=A X=00
0 0 0 0 0 P ,
6o 61 03 04 2 p+ 1

satisfying the relation
Op+601+603+604+2p=1.

We also let 4 = Res,—; po(x)dx. Then the monodromy preserving deformation of the
equation (1.1) is described as a system of partial differential equations for A and p. This
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system can be regarded as the symmetric representation of Py; [Kaw]. We discuss a derivation
of the symmetric representation in the case

t+1 t—1 1
t—1 t+1 t
90201() 912011—1 0932(13—1 942(14—1 pP = as.
Note that
0[0+0[1+20[2+O[3+0[4=4.
With the notation
Fo=A+t Fooas F = Fyeao =1 Foma—
0 — b 1 — t—l’ 2_/"(” 3 = l’+1’ 4 — [’

the dependence of A and w on ¢ is given by
V(F)) =2FFiFyFsFy — (a0 — D F1 F3 By
— (a1 — DRy F3Fy — (a3 — DFgF1Fy — (s — Do F1 F3 + O, (1.2)
for j =0,1,3,4and
O (Fy) = —F; (FoF\ F3 + FoF\Fy+ FoF3Fy + FI F3 Fy)
+ P {(as+aqy —2)FoF) + (0 +ag —2)FoF3 + () + a3 — 2) FoFy
+(ap+ay —2)F1F5+ (g +a3 —2)F1 Fy + (g + op — 2) F3Fy}
—af{(ag+ary — DFyp+ (a1 +a, — DFi + (a3 +ax — 1) F3

+ (o +ox — 1) Fa}, (1.3)
where
d
?=60g. o= [] @E-F
7=0,1,3,4; j#i
Note that the system (1.2), (1.3) is equivalent to the Hamiltonian system:

d»  oH’ d oH’

—==, Xx_-_= (1.4)
dr on dr oA

where the Hamiltonian H' = H'(X, u, t) is given by
OoH' = F0F1F22F3F4 — (g — )F I F, F3Fy — () — ) FoF, F3 Fy
—(az3 = DFoFi o by — (g — DFoF1 F F3 + aa Fo{(ap — 1) Fp
+(+ay — D)Fi+(az+ay — D) F3+ (g +ap — 1) Fy}.
We also remark that the system (1.4) is transformed into the Hamiltonian system for Py as
in [IKSY]
dg oM dp_ o
ds 9p’ ds  dq’
with the Hamiltonian
s(s = DH =q(q — (g —$)p* = j{lar =Hqlg — 1
+a3q(q — 5) +aulg — 1)(g — $)}p + 55 (oo + €2)q,
by the canonical transformation (A, u, ¢, H') — (¢, p, s, H) defined as
1+ ) F (5 )RR F +a)

t+1 t+1 t

DR T e =D

t+1 t t+1
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and
(+ 5+
T\(i=L _ 1\°
(== =)
This paper is organized as follows. In section 2, we recall the definition of the affine Lie
algebra g = g(Df‘l)). In section 3, a Drinfeld—Sokolov hierarchy of type Dfll) is formulated.

In sections 4 and 5, we show that its similarity reduction implies the symmetric representation
of P\/[.

2. Affine Lie algebra

In the notation of [Kac], the affine Lie algebra g = g(th])) is the Lie algebra generated by the

Chevalley generators e;, f;, aiv (i =0,...,4) and the scaling element d with the fundamental
relations

(ade;)' = (e;) =0, @df)' = (f) =0 G #)),

[0, af] =0, [0, €] = aije;, [0, fi] = —aij /i, lei, fi1=8i 0,
[d.e)]=0, [d, e;] = 8i0e0, ld, fil = —8i,0.fo,

fori,j=0,...,4, where A = (g; J')?, j=o 1s the generalized Cartan matrix of type Df‘l) defined
by

2 0 -1 0 O
0 2 -1 0 O
A=4-1 -1 2 -1 -1
o o0 -1 2 0
0O 0 -1 o0 2

We denote the Cartan subalgebra of g by

4
h =D Ca} @ Cd.
j=0
The canonical central element of g is given by
K =of +a) +205 + o7 +a.
The normalized invariant form (|) : g x g — C is determined by the conditions
(@) =aj.  (elf) =di; (@'lej) = (@1;) =0,
(dld) =0, (dle}) = b0, (dle;) = | f;) =0,

fori, j=0,...,4.
We consider the Z-gradation g = @kez gi(s) of type s = (1, 1,0, 1, 1) by setting

degh = dege, = deg f» =0, dege; =1, deg fi = —1 (i=0,1,3,4).
If we take an element d; € f such that
(dsley’) =0, (dla}) =1 (j=0,1,3,4),

this gradation is defined by
gk(s) = {x € g | [ds, x] = kx} (k € Z).
In the following, we choose

dy = 4d + 20) + 30y + 20y + 20 .
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We set

go=Pa),  gz0=EPu.

k<0 k=0

We choose the graded Heisenberg subalgebra s = @, , sk(s) of g of type s =
(1,1,0, 1, 1) with

51(5) = CA11 ® CAy,
where
A1 = —egte;+ez— ey +exs+en, A1p =€ —ez+es+ey+er+ens.
Here we denote
e = lea, el hj =11, fil (j=0,1,3,4).
We remark that
s={xeg|[A1,x] € CK}.
and
s0(s) = CK, s (s) =0 (k #0).
Each sy;_1(s) is expressed in the form
52k-1(5) = CAg—11 ® CAg—12,
with certain elements Ay_;; (i = 1, 2) satisfying
[Ask—1,is Azi—1,;] = 2k — 1)6; j6r1 K (i, j=1,2k,1€Z).
For k = 0, we have
A1 =3(=2fo+ fi+ f5+ for — fo3 — 2fo),
Ao =35(fi— f3+2fs—2f0 — fo — f3).

Remark 2.1. In the notation of [C], the Heisenberg subalgebra s corresponds to the conjugacy
class D4 (a;) of the Weyl group W (Dy,); see [DF].

3. Drinfeld—Sokolov hierarchy

In the following, we use the notation of infinite-dimensional groups

G -0 = exp(g-0), G>0 = exp(g>0).
where g and g>¢ are completions of g and g0, respectively.
Introducing the time variables #; (i = 1,2; k = 1,3,5,...), we consider the Sato
equation for a G _o-valued function W = W (¢ 1,2, ...)
i (W) =B, W — WA, i=12k=1,3,5,..), 3.1

where 0y ; = 0/01; and By ; stands for the g>o-component of WAk,,-W’1 € G0 D g>0- We
understand the Sato equation (3.1) as a conventional form of the differential equation

i — Bri = Wi — M)W (i=12k=13,5,..), (3.2)
defined through the adjoint action of G - on g @ g>¢. The Zakharov—Shabat equation,
[0k,i — Bi,is 0,; — Bij1=0 (i, j =12k, 1=13,5,..)), (3.3)

follows from the Sato equation (3.2).
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The g>o-valued functions B;; (i = 1, 2) are expressed in the form
4
Bii= A1+ U, Ui =Y ujiaf +xiex+yi fo.
j=0
The Zakharov—Shabat equation (3.3) for k = 1 is equivalent to
01,,(Uj) —01,;(U) +[U;, U] =0, [A;, Ujl —[A;, Uil =0,

fori, j = 1, 2. Then we have

Lemma 3.1. Under the Sato equation (3.2), the following equations are satisfied:

(d191,,(U ) + 5(UilUj) =0 (i,j=12).
Proof. The system (3.2) for k = 1 is equivalent to

di— A —Ui=W@,; — A pW! i=12).
Set

(o]
W =exp(w), w = Z w_g, W_g € g_i(s).
k=1

Then the system (3.7) implies

oo [o.¢]
1 k-1 1 k .

U = ; 2 @) o) + ; 27 2@ (AL (i=12).
Comparing the component of degree —k in (3.8), we obtain

Ui = ad(w_1)(A1,) @ =12),
for k = 0;

ad(w_) (A1) + yad(w_1)* (A1) + 31 (w_1) =0 (i =12),
fork =1,

1
D adw) adwo)(AL)

Q4 =k+1

+ Z %ad(w_il) <erad(w_y,_ )01 (w_;) =0 (=12,

iyt =k
for k > 2. On the other hand, we have

(Arilad(Aq;)(x)) =0 (G, =12 x€gals)),
and

(Arilx) = (ds]ad(Ay,i)(x)) (i=12;x €g-105).
Hence it follows that
(A1jILHS of (3.9)) = 5(Ayjlad(W-1)* (A1) + (A1jld1i(W-1)

= —%(Ui|Uj) — (ds191,: (U))).

Remark 3.2. Let X (0) € GG and define
X =X, 1002, ...) =exp§)X(0), E=Y" > tibi

i=1,2k=1,3,...

Then a solution W € G _¢ of the system (3.1) is given formally via the decomposition

X:W_IZ, Z € Gyy.

(3.4)

(3.5)

(3.6)

3.7

(3.8)

3.9)
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4. Similarity reduction

Under the Sato equation (3.2), we consider the operator
M =W exp(§)d, exp(=E)W ", E=Y" Y il
i=1,2k=13,...
Then the operator M satisfies
Ok,i (M) = [By,i, M] i=1,2k=1,3,5,...).
Note that
M=di =Y > ktei WALW ™ —d,(W)W ™.
i=1,2k=13,...

Assuming that #; ; = x> = 0 for k > 3, we require that the similarity condition M € g
is satisfied. Then we have

01,i(M) = [By,;, M] (i=12).
where M = d; — t;,1B1,1 — t1.2B12, or equivalently

[dy —M,01; — B1;]=0 i =12), 4.1)
where M =t By, + t12B; . Under the Zakharov—Shabat equation

[011 — B1,1, 012 — B12] =0,
the system (4.1) is equivalent to

> n;o;(Bi) =ldy, Biil— B (i=12).

j=1,2
In terms of the operators U;, this similarity condition can be expressed as

Y tjonU)+Ui =0 (i=1,2). (4.2)

j=1,2
We regard the systems (3.5), (3.6) and (4.2) as a similarity reduction of the Drinfeld—Sokolov
hierarchy of type Df‘l).

In the notation (3.4), these systems are expressed in terms of the variables u; ;, x;, y; as
follows:

01,1(x2) — 012(x1) — (w11 — u3 ;1 — o2 +usp)xy + (uo,1 — U4 +ui2 —uz2)xy =0,
01,1(y2) — 012(y1) + (1,1 —u3; 1 — uo2 +uap)yr — (o1 — ug1 +ur2 —us2)y» =0,
01,1(u2,2) — 01,2(u2,1) — x1y2 +x2y1 =0,
01,1(ujo) —012(uj1) =0 (j=0,1,3,4),
and
uy — 2up 1 +uzg +2us —urp+uzs =0,
wyy —u3 — 2o — U2 +2uzp —u3p =0,
ul,l—u3$1+u1,2+u3,2—2u4,2+2x1 =0, 43
2u0,1—u1,1—u3,1—u1,2+u3,2+2x2=0, ( ’ )
wy —u3 1 +2u00 —urp —uzz+2y; =0,
wyptuz —2u4 —urp+uzp+2y; =0,
for the system (3.5);

o Ao+ Y Quip—ua)Qupy—ua )+ 205y +yix) =0 (G, j=1,2),
1=0,1,3,4 1=0,1,3,4
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for the system (3.6);
11,101,1(x;) + 11201 2(x;) +x; =0, t1,101,1(3i) +112012(y1) + ¥ =0,
t1,101,1(uj;) + 11201 2(u; ;) +uj; =0, i=12j=0,...,4),

for the system (4.2). In the next section, we show that they imply the sixth Painlevé equation.
Under the similarity condition (4.2), the system (3.6) implies

2(ds|U;) — t11(U;|Uy) — t12(U;|U2) = 0 (i=12).
It is expressed in terms of the variables u; ;, x;, y; as follows:
Z 4up; — Z t11Quyi —uz,i)Ruyy —uz 1) — 2t 1(xiy1 + yixy)

1=0,1,3,4 1=0,1,3,4

- E toQupi —uzi)Quip —uzn) — 2t 2(xiy2 +yix2) =0 (@ =1,2).
1=0,13.4
“4.4)

Remark 4.1. The systems (3.5) and (4.2) can be regarded as the compatibility condition of
the Lax form

d,(V) = MW, 01, (V) = By ;¥ (i=172), 4.5)
where W = Wexp(§).

5. The sixth Painlevé equation

In the previous section, we have derived the system of the equations

01,;(Uj) — 01,;(Up) +[U;, U] =0, [Ari, Ujl = [A;, U]l =0,

(dy]91,:(U)) — 2(WU:|U;) =0, Z 11001 (U) +U; =0 i, j=12), (5.1)
=12

for the go-valued functions U; = U;(t11,t2) (i = 1,2), as a similarity reduction of the

Df) hierarchy of type s = (1,1,0, 1, 1). In terms of the operators B;; = A;; + U; and
M =1t 1B+t 2B, the system (5.1) is expressed as

[01,1 — Bi,1, 012 — Bi2] =0, [dy — M, 0d; — B;]=0 i=12),
with the equations for normalization (3.6). In this section, we show that the sixth Painlevé

equation is derived from them.
The operator M is expressed in the form

M=Zt1,iAl,i+ Z KjO[JY+)70[2v+(p€2+Wf2,

i=12 j=0.13.4
so that
Kj=1tuj1+toUj (j=0,1,3,4), n =t U1+t U0,
@ =11,1x1 + 11 2X2, Y=ty + 2. (5.2)

The system (4.1) implies that the variables«; (j = 0, 1, 3, 4) are independentof ¢, ; (i = 1, 2).
Then the following lemma is obtained from (4.3), (4.4) and (5.2).

Lemma 5.1. The variables u;;, x;,y; i =1,2; j =0,...,4) are determined uniquely as
polynomials in n, ¢ and r with coefficients in C(t ;)[«;]. Furthermore, the following relation
is satisfied:

7’)2—(K0+K1+K3+K4)(T)+1)+K§+K]2+K32+KZ+§01//ZO.
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Thanks to this lemma, the system (5.1) can be rewritten into a system of first-order differential
equations for 1 and ¢; we do not give the explicit formulae here.

We denote by n, the subalgebra of g generated by ¢; (j =0, ..., 4), and by b, the borel
subalgebra of g defined by b, = h & n,.. We look for a dependent variable A such that

M = exp(—ifa) M exp(rfa) — exp(—if2)d; (exp(ifa)) € by,
Bi; = exp(—Af2) By exp(Afz) — exp(—Af2)0;,;(exp(rf2)) € by i=12),

namely
A+ (20 — ko — K1 — k3 — Kg)h — Y = 0,
(W) + XA — (uo; +ur; —2us; +uz;+ug)h—y; =0 (i=12). (5.3)

Note that the definition of A and B 1,; arises from the gauge transformation ¥ — & defined
by ® = exp(—Af>)W¥ on the Lax form (4.5). By Lemma 5.1 together with the system (5.1),
we can show that

1
)\:—@(8n—a3—af—a§—ai+4),

satisfies equation (5.3), where «; (j = 0, 1, 3, 4) are constants defined by
Kj= —1—16(8aj —a(z) —Ol12 —a% - af —4).
We also let i by a dependent variable defined by i = ¢ so that
n:—)\,u+%(a(2)+a%+a§+ai—4), Y =K.
Then the system (5.1) can be regarded as a system of differential equations for variables A and
w with parameters «; (j =0, 1, 3, 4).
We now regard the system (5.1) as a system of ordinary differential equations with respect

to the independent variable ¢ = #; ; by setting #; » = 1. Then the operator M is written in the
form

~ 1
M=j(eg+ai+ai+ai—4)K — D (@ — Da) + Fre; — Foeo + (1 — D Fre,
j=0,1,3,4
—(t+1)Fze3 —tFgeqs+ex— (t — ey + (t + 1)eps + teny,

where

r+1 t—1 1
FzZ/L, F3:)\.— , F4:)\.——.

Fy=A+1t, Fi=A+ ,
t—1 t+1 t

The operator B=8B 1,1 1s written in the form
B =0,K + Z '[ijajy +Xer —eg+ (A +1)eg — (A — 1)e3 — Aey — er1 + €23 + eaa,
j=0.1,3,4
where 4, is a polynomial in A, u and the other coefficients are given by
~ -1 1 —1 -1
Ogilj = FoF\ FyFsFyF; ' — Z —(ai +oj — 2 FoFy FsFyF[ ' F;
i=0,1,3,4:i]
1 .
_E(aj_l)FO(FO_Fl_FS_FU (j=0,1,3,4),
@0}’ = Fon(FQ — F1 — F3 — F4) + (O{O +ay; — 1)F0 + (O[l +oay; — 1)F1
+ (O{3 + oy — 1)F3 + (Ol4 + oy — 1)F4,
with
O = (Fo — F1)(Fy — F3)(Fo — Fu), 0 =—jz@+a+az+as—1).
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Since M and B are obtained from M and B 1 by the gauge transformation, they satisfy
~ d ~
|- 1. 5 - 5] o
dr
By rewriting this compatibility condition into differential equations for F; (j =0, ...,4), we
obtain the same system as (1.2), (1.3).

Theorem 5.2. Under the specialization t; 1 =t and t| » = 1, the system (5.1) is equivalent to
the sixth Painlevé equation (1.2), (1.3).

Remark 5.3. The system (1.2), (1.3) can be regarded as the compatibility condition of the
Lax pair
do ~

dy(®) = M, 5 =B (5.4)

where ® = exp(—Af2) Wexp(€). Let
Q = {(1 — 1)(Fo — F)Y U {(1 + 1)(Fo — F3)} ™ {1 (Fo — F3)} ™ Fi® exp(Fy 'ex)®.

Then the system (5.4) is transformed into the Lax pair of the type of [NY3] by the gauge
transformation & — Q.

Finally, we define the group of symmetries for Py; following [NY2]. Consider the
transformations

ri(X) = X exp(—e;) exp(fi) exp(—e;) i=0,...,9,
where

X =exp(6)X(0) =Wz, £ = teiMgi-

Under the similarity condition M € g, their action on W is given by

W) = exp(Afy) (e 1d, — M) (—Af)W | =0,1,3,4
ri(W) = exp(Af2) exp mﬁ exp(—Af2) (i=0,1,3,4),
(W) = W.
We also define

r,'(Olj)ZOlj—(X,'a,'j (l,]=0,,4)
Then the action of them on the variables A, p is described as

o ..
ri(F_/')=F_j_Fuij i,j=0,...,4),

i

where U = (u; J')?, j—o is the orientation matrix of the Dynkin diagram defined by

0 0O 1 0 0
0 0O 1 0 0
U=1-1 -1 0 -1 -—1.
0 0O 1 0 0
0 o 1 0 0
Note that the transformations r; (i = 0,...,4) satisfy the fundamental relations for the

generators of the affine Weyl group W (D).
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